We prove the following generalization of an example of Hartshorne:
Introduction
It is an interesting question to determine if a given local cohomology module H i I (M ) is artinian, where I is an ideal of a noetherian local ring (R, m) and M is a finite R-module; in fact, this is one of Huneke's problems on local cohomology (see [8, third problem] ).
In general a given R-module A is artinian if and only if both Supp R (A) ⊆ {m} (A 1 ) and soc(A) := Hom R (R/m, A) is finitely generated (A 2 ) hold. Hartshorne (see [2, section 3] ) showed that H 2 I (R) is not artinian, where k is a field, R = k [[u, v, x, y] ]/(ux + vy) and I ⊆ R is the ideal generated by the classes of u and v in R (in fact Hartshorne showed something slightly different, but it is not difficult to modify his result to the statement mentioned above). More precisely, H 2 I (R) fulfills (A 1 ), but not (A 2 ). On the other hand, recently, modules of the form D(H i I (M )) have been studied for general R, I, i and M (see [3, 4, 5, 6, 7] , D( ) is the Matlis dual functor, see [9] for details on Matlis duality). It turns out that the study of these objects leads to an elegant proof of Hartshorne's example; in fact we show that D(H 2 I (R)) is not noetherian, where H 2 I (R) is the local cohomology module of Hartshorne's example. Hence H 2 I (R) cannot be artinian. Furthermore, our method can be used to show the following more general result: 
Results
Let k by a field, n ≥ 3, R = k[[X 1 , . . . , X n ]] a formal power series algebra over k, I the ideal (X 1 , . . . , X n−2 )R of R and define
Our method is to study the module D, here are some properties of D:
(ii) For every prime ideal p of R with height(p) = 2 one has:
Here the first equality follows formally from the exactness of D( ) and the second from the right exactness of the functor H
(ii) Let p be a prime ideal of R of height two. Because of (i), we have
In the proof of (i) it was shown that the latter module equals
and, by the well-known Hartshorne-Lichtenbaum vanishing theorem, is nonzero if and only if the ideal I + p is m-primary.
Example 2.2. In the above situation, take n = 4 and, for every λ ∈ k, define p λ := (X 3 + λX 1 , X 4 + λX 2 )R .
Clearly, every p λ is a height two prime ideal of R and, by property (ii) above, is associated to
On the other hand, for every λ ∈ k, one has 
This is true, because for every prime ideal
p of k[X 3 , X 4 ][[X 1 , X 2 ]] different from (X 1 , X 2 , X 3 , X 4 ) and containing X 1 X 4 + X 2 X 3 the ring (k[X 3 , X 4 ][[X 1 , X 2 ]]/(X 1 X 4 + X 2 X 3 )) p
is regular, and so Hartshorne-Lichtenbaum vanishing shows that
A similar technique like in example 2.2 works to show that H n−2 I (R/pR) is not artinian for R = k[[X 1 , . . . , X n ]], n ≥ 4, p ∈ (X n−1 , X n )R a prime element and k an arbitrary field (may be finite):
Proof.(i)
It is easy to see that there exist f, g ∈ I, f ∈ (X n−1 , X n )R and l ≥ 1 such that p = X l n f + X n−1 g holds (note that f is not zero because p is prime). Let m ∈ N + be arbitrary. We have (R/pR)) = Hom R (R/pR, D), and from (i) we know that the latter module is not finitely generated.
Remark 2.5. Marley and Vassilev have shown
Theorem ( [10, theorem 2.3] ) Let (T, m) be a noetherian local ring of dimension at least two. Let R = T [x 1 , . . . , x n ] be a polynomial ring in n variables over T , I = (x 1 , . . . , x n ), and f ∈ R a homogenous polynomial whose coefficients form a system of parameters for T . Then the *socle of H n I (R/f R) is infinite dimensional.
In their paper [10] 
